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A definition of asymptotic flatness at spatial infinity in d dimensions (d > 4) is given using the 
conformal completion approach. Then we discuss asymptotic symmetry and conserved quantities. 
As in four dimensions, in d dimensions we should impose a condition at spatial infinity that the 
"magnetic" part of the d-dimensional Weyl tensor vanishes at faster rate than the "electric" part 
does, in order to realize the Poincare symmetry as asymptotic symmetry and construct the conserved 
angular momentum. However, we found that an additional condition should be imposed in d > 4 
dimensions. 

PACS numbers: 04.20.Ha 



I. INTRODUCTION 

If one considers an "isolated" system in general relativ- 
ity, one should impose some asymptotic boundary condi- 
tions on gravitational fields. As one of such conditions, 
there is the asymptotically flat condition, which states 
that the metric should approach to Minkowski metric at 
"far away" place from gravitational sources. In order 
to define the notion of this "far away" covariantly, one 
often uses the conformal completion method introduced 
by Penrose [l| . In this method, physical space-time M is 
conformally embedded to unphysical space-time M with 
boundary, and this boundary is constituted of spatial in- 
finity and null infinity. Hence, one can define asymptotic 
flatness, imposing some proper boundary conditions at 
this spatial infinity or null infinity. 

In four dimensions, asymptotic flatness at spatial in- 
finity was investigated using the conformal completion 
method by Ashtekar and Hansen [3| . They revealed that 
asymptotic symmetry at spatial infinity can be reduced 
to the Poincare symmetry which is a symmetry associ- 
ated with "background" flat metric, and constructed 4- 
momentum and angular momentum. On the other hand, 
in higher dimensions, there is only a few works about 
asymptotic structure at spatial infinity Q or null infin- 
ity [J| though recently the importance of higher dimen- 
sional black holes is increasing in string theory and TeV 
gravity scenario d, 0| . 

While in four dimensions, uniqueness theorem was ob- 
tained 0], we cannot prove the uniqueness for station- 
ary black holes (counterexamples are Myers-Perry black 
hole 0] and black ring [9J with the same mass and angular 
momentum) in higher dimensions (although uniqueness 
was shown in [Tol] for static black holes). If one would 
like to classify these higher dimensional black holes using 
some parameters, the investigation on asymptotic struc- 
ture at spatial infinity could play a key role. 

The purpose of this paper is to define asymptotic 
flatness and investigate asymptotic structure at spatial 
infinity in higher dimensions, following Ashtekar and 



Hansen (The reference J3| investigates into asymp- 
totic flatness in higher dimensions following Ashtekar and 
Romano [ll|. This analysis is useful when one is inter- 
ested only in spatial infinity. For full understanding of 
asymptotic structures, however, Ashtekar and Hansen's 
work is appropriate.) 

The rest of this paper is organized as follows. In the 
sectionini we define asymptotic flatness at spatial inflnity 
following Ashtekar and Hansen [2,]. In the section Hill we 
investigate asymptotic structure: asymptotic symmetry 
and conserved quantities. Finally, we give a summary 
and discussion in the section IIVI In the appendix |^ 
we introduce some important concepts in this literature 
such as directional dependence, and in the appendixiBlwe 
summarize basic features of conformal completion taking 
Minkowski space-time for an example. Some important 
equations in this literature are derived in the appendixICl 
and in the appendix |D] we prove the equivalence of our 
expressions for conserved quantities with the ADM for- 
mulae. 



II. DEFINITION 

We define asymptotic flatness at spatial infinity (z°) in 
d dimensions using the conformal completion method de- 
veloped by Ashtekar and Hansen in four dimensions 
In this paper, for simplicity we assume physical space- 
time (M, gab) satisfies the vacuum Einstein equation 
Rah = 0. It is easy to extend our current work to more 
general non-vacuum cases as long as one focuses on the 
asymptotically flat space-time. 

Definition: d-dimensional physical space-time {M, gab) 
will be said to be asymptotically flat at spatial infinity i^ 
if there exists {M,gab), where gab is C'^'*"'* at z° (see 
Appendix \K\ for the definition of C^"), and embedding 
of M into M satisfying the following conditions: 

1. J{iP) = M — M, where J(i°) is the closure of the 
union of chronological future and past of 
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2. There exists a function on M that is at i° 
such that = Vi^gab on M and V aVbVL^2gab, 
ri=0 and Vaf^=0 at i° on M. 

Here, and Va is the connection for gab, and = imphes the 
evaluation on i*^ (i.e. "= lim^jo" is equivalent to "="). 
The first condition requires that, in M, i° is connected to 
the points on M only via spacelike curves. The second 
condition says that $1 behaves ^ l/r^ near i". This is 
the same asymptotic behavior as in the Minkowski space- 
time (see Appendix IB|) . 

Since we assume gab is C'^''^'* at z", da, ■ ■ ■ da^j^_r,^gbc 

has directional dependent limit at (where d is flat 
connection on i"). This condition is equivalent to one 
such that Of'^^'^^/'^Rabcd has directional dependent limit 
at i". When we discuss asymptotic structure, we often 
use the Weyl tensor Cabcd as asymptotic gravitational 
fields. Thus, it is convenient to use the latter condition 
on Rabcd for the discussions hereafter. 



III. ASYMPTOTIC STRUCTURE 

In this section, we show how to derive the asymptotic 
structure from the asymptotic flatness definition. Firstly, 
we discuss asymptotic symmetry in the section IIII Al 
We show that the asymptotic symmetry is constituted 
of the Lorentz group and supertranslation group (infi- 
nite group of angular-dependent translation) in higher 
dimensions. In the section IIII Bl we define asymptotic 
fields and study their transformation behavior under su- 
pertranslation. We find that supertranslation group re- 
duces to the Poincare group if we impose an additional 
asymptotic condition i?aia2 - ad_2^0 in the definition of 
asymptotic fiatness. We define conserved quantities {d- 
momentum and angular momentum) associated to this 
Poincare symmetry in the section [III CI We confirm that 
the conserved quantities we define agree with the ADM 
formulae in this section and the appendix iDl 



A. Asymptotic symmetry 

The asymptotic symmetry is a group of mappings 
which conserve asymptotic structure. Here, by asymp- 
totic structure we mean {gab,^^^~'^^^^dgbc) at since 
we impose C^"^"^ condition on the behavior of gab at 



Roughly speaking, these conditions set the behavior of 
components of ^ near as 

1 1 



„d-2 ■ 



(1) 



The first condition says that a generator ^ does not touch 
i'^ . The second condition implies that ^ is asymptoti- 
cally a Killing vector, i.e. gab at is not changed. Be- 
fore explaining the meaning of the third condition, let us 
consider the gauge freedom of the conformal completion. 
First, let oj be a function on M, (7>'i-4 at and uj=l. 
Then, a conformal completion such that ~ {u!fl)'^gab 
is equivalent to gai, = fl^gabi because ufl satisfies 

LuQ^O , Vaiujn)=0 , VaV6(cjl7)=2g„b. (2) 

Then, we cannot distinguish these two conformal com- 
pletions under the asymptotic flatness definition in sec- 
tion ini This gauge freedom uj of the conformal comple- 
tion reshuffles the value il,^'^~'^^^'^dghc in the asymptotic 
structure as 

= i r 6'a^^^-''^/^VbL0 + S-.n^^-'^y^VaU 
LU L 

where is the connection for and Va is any vector. 
This equation can also be written as 



^(4-d)/2^^^ ; - 2r!(4-rf)/2(v^^)g,^. 



(4) 



Thus, asymptotic structure fi^"* '''^^'^dghc has an ambigu- 
ity coming from gauge freedom uj, and this ambiguity 
is reshuffled by order l/r''"^ part of ^. Hence, asymp- 
totic symmetry is the group of transformations which 
does not change the asymptotic structure except for this 
gauge ambiguity. Then, we call this asymptotic sym- 
metry transformation, which is induced by order l/r'^~~'^ 
component of ^, supertranslation group. As any two gen- 
erators ^2 of supertranslation group commute: 

d 

- (5) 



1 



-2 du 



o 



„2d-5 



supertranslation group is abelian (where we use the fact 
that the contribution to n^'^-'^'^/'^dgbc from ©(l/r^'^-S) 
part of ^ is only ©(l/r''"^), which is regarded as zero 
In order to investigate this asymptotic symmetry, we at i , and thus that part cannot transform the asymp- 
totic structure). Because of angular dependence of cj, 
however, supertranslation group has infinite translational 
directions. In this stage, asymptotic symmetry is not ex- 
pected to be the Poincare symmetry. 



consider the generator ^ of the asymptotic symmetry on 
M. This generator ^ should be an extension of ^, which 
is a generator of diffeomorphism on M . This extension ^ 
of ^ to should satisfy 

1. 1=0 , 

2. V(,|b)=0 , 

3- V(aC6) is a (7>''^* tensor at 



B. Asymptotic fields 

In order to construct conserved quantities associated 
with the asymptotic symmetry, we define asymptotic 
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gravitational fields using the Weyl tensor Cambn as^ 

Eab ^ ^^''-''^'^Cambnfr'r, (6) 
CP^nTl'^^r, (7) 



B. 



ai---ad-3mpq 



(8) 



5 — d - 

{'^[m^)Cab]cd 



(9) 



since fl'--^~'''^^^Cabcd have directional dependent limit at 
We project these equations into the timelike hypersur- 
face S, and contract with r}"'. Then, we get the equations 
for the electric part 

DaEbc - DbEac = (4 - V/i/f^^'^'^'/'Cp,™?) 



and for the magnetic part 



(10) 
(11) 



^ In the definition of the magnetic part of the Weyl tensor ((TJ, 
the power of H is determined by the following evaluation. Since 
ai,--- , a^— 3 are indices for angular coordinates and m is for 
the radial coordinate in polar coordinates, one of p and q 
has to be for the time coordinate t and the other one has to 
be for an angular coordinate Each parts in the magnetic 
part behaves near as eai --ad_3mpij = C>{\/—g) = 0{r'^~'^), 
C^qbn = 0{r^-i), gtt = 0(1), 9.^v = 0{r-^) and ^ = 0(l). 

Thus, ea,...ad^3mpgCP%„fl"'fi"- = 0(r^-^'') ~ Q(2d-9)/2_ 

we have to multiply an inverse of this factor to define a regular 
quantity. 

Eab is a symmetric traceless tensor since the Weyl tensor is trace- 



less. B„ 



is also a traceless tensor; B„ 



3b9 



: 



due to antisymmetry of e in Eq. |(7J; ■a^.stS"''' = since it 

contains Cb'?'!'^ 



0. This Bai---ad-3b antisymmetric on the 
first d — 3 indices (i = I,-- - ,d — 3). There are no symme- 
try between the last index b and the other indices in general, 
though in the four-dimensional case the magnetic part Bab is 
symmetric. 



where hab is the induced metric on S, and 



(12) 



where iai---aa-3mpq = V^Eai-.-aa-impq is & totally an- 
tisymmetric tensor in M, and we take the convention 
that i?oi2 - rf-i = 1- Va=^ a^^^'^ is a normal vector to 
fl — constant surface which becomes a unit vector at i^. 
We call these asymptotic fields ^ and ([7]) electric and 
magnetic parts of the Weyl tensor respectively. As these 
fields do not have components parallel to i)"', we can re- 
gard them as fields on a timclike hypersurface S normal 
to f)". 

Firstly, let us derive asymptotic field equations. Using 
the Bianchi identity in the physical vacuum space-time 
'^[mCab]cd — 0, wc obtain the following equation in terms where 
of the unphysical space-time quantities: 

^[mCab]cd ^ ( .9c[m 

CabJprfV^il -I- gdlmCab]cp^''^ 

It is better to rewrite the left-hand side as 



is a regular differentiation with respect to hab on S. 

is the (d — l)-dimensional Weyl tensor with 
respect to hab, and Q^^^~^^^^ '^^^^^C'^bcd have a direc- 
tional dependent limit at i'^. (For detailed derivations 
of Eqs. ^ and see Appendix [CTI) 

Next, in order to see how these fields transform under 
the supertranslation, we introduce potentials of the Weyl 
tensor. To do so, we will use the Bianchi identity in the 
unphysical space-time 



be 



2(d- 3) 
d~2 



b]c 







Sab = Rab 



R 



2(d- 1 



-9ab 



(13) 



(14) 



Since we assume gab to be C-"^^^, Vl'^^^'^''^'^ Sab admits 
directional dependent limit at Then, we define poten- 
tials as 



E ^^(^-d)/2g^^f^Pf^q ^ 

Q^ = Qi5~d)/2g^^f^p^q 

Uab = n^'-^'^/^Spghj'K' 



(15) 

(16) 
(17) 



Using Eqs. ^ and ([T5)) . we can write down the electric 
and the magnetic part in terms of potentials as 



Ea 



-1 



2(d- 2) 



1 



d- 3 



-DaDbE + Ehab+i^~d)Uab 



(18) 



B, 



ai---ad-3b 



d-2 



-ai---ad~3mpq 



X DP U\ 



-1 



d-2 



-ai---ad-3mpq 



^{4-d)/2^,njjpj^q^ , (19) 



where we define a tensor /Cat by Eq. (Eqs. (fT5|) and 

(fT9)) are derived in Appendix IC 21 ) 

Now, we observe transformation behaviors of the 
asymptotic fields under the supertranslation. In a super- 
translational transformation gab —>■ g'ab — ^"^gab, where uj 
is a C'^'^"^ function (cj=l). Sab transforms as 

S'af, = Sab-{d-2)uj-^^a^b^ 

+ 2{d - 2)w"2(Vat^)(V6w) 



2-d 



c^"'.9ah(V™L^)(V"a;) 



(20) 



Since oj is C^"* ^ and lo=\, it can be written as 

u; = 1 + f^C-i-s'/^a , (21) 
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where a is a function which has directional dependent 
hmit at Then, the potentials E and Uab transform 
under the supertranslational transformation as 

E' = E - {d-2){d~3){d- 4)a , (22) 
Uab = Uab-{d-2)(^DaD,a + {d-3)ahab) ■ (23) 

To show these equations, we use a relation 

= (d - 3)a . (24) 

The second equality in this relation holds since a has 
directional dependent limit at and 7)°VaQ!=0. We note 
that only VoVbW term of Eq. (^0]) contributes to the 
variation of E and Uab- 

It is easy to check that the electric part does not change 
in this transformation. On the other hand, the potential 
of the magnetic part JCab transforms as 

ICU^ICab-{d-2){I)aDba + ahab) . (25) 

Hence, the magnetic part Baj^...a^_^b does change under 
the supertranslational transformation. 

C. Conserved quantities and Poincare symmetry 

Let us construct conserved quantities and the asymp- 
totic symmetry in this section. First, as in four dimen- 
sions, we impose an additional condition 

K-a.-sb = . (26) 

This condition implies that the Taub-NUT charge is zero. 
Although it is of course possible to consider asymptot- 
ically locally Minkowski space-time with Ba^-.-aa-ab 
0, we focus only on asymptotically globally Minkowski 
space-time in this paper. In order to impose the condi- 
tion ([26]) consistently with Eq. (fTTj). we must require a 
further additional condition 

^{5-d)/2{d-l)^a^^^^Q (27) 

as one of the conditions in the definition of asymptotic 
flatness. Note that '■-'^'^''Cabcd vanishes automatically in 
four dimensions. By the way, the condition (j26p is not 
preserved under the supertranslation. To preserve the 
condition (j26p . we realise that one must impose 

DaDba + ahab ^ . (28) 

As in four dimensions, we can write down the solution 
to Eq. as a = (jJaV"", where a>a is a fixed vector at 
The number of independent solutions is the number 
of dimensions. Thus, we can regard the transformation 
generated by a satisfying Eq. as translation. Then, 
the asymptotic symmetry reduces to the Poincare group 



which is constituted of the Lorentz group and the trans- 
lation group, and we can define conserved quantities as- 
sociated with this Poincare symmetry. 

Now, it is ready to define conserved quantities. First, 
we define d-momentum Pa for translation uj'^ as 

»7rGd(a - 6) J 3^-2 

(29) 

where dS'^^' "'^'^-'^ is the volume element on [d — 2)- 
dimensional unit sphere 5*^^^ on . From Eq. pI7|) . we 
get DaE'^''=0 since Eab is traceless. Then, the integral of 
Eq. ((29|) is independent of the choice of time slice at 
and thus Pa"^" is conserved. After tedious calculations, 
we can show that Eq. P5|) agrees with the ADM formula 
(see Appendix ID 1 1 and [02)1 . 

Next, in order to define angular momentum using the 
magnetic part of the Weyl tensor, we consider the next- 
to-leading order part of Bai---a^_3b ■ 

Pai---ad-3b — ^ ^ai---ad — 3mpqC^^bnV V • (^0) 

Since ^a^-a^-sb satisfies Df,/3'"'^ - ''''-3==0 due to Eq. ^ 
and the traceless property of Ba^^-.-ad-^b, we can define 
conserved quantity Mab which is regarded as angular mo- 
mentum: 

where 

and Fab is any skew tensor in S. The coefficients in ((3T|) 
so that angular momentum Mab transforms properly un- 
der translation uja, including the coefhcient: 

Mab ^ Af^b = Mab + 2Pla^b] ■ (33) 

See Appendix ID 31 for details of the coefficient determi- 
nation. 

IV. SUMMARY AND DISCUSSION 

In this paper, we gave a definition of asymptotic flat- 
ness, and constructed conserved quantities, d-momentum 
and angular momentum in d dimensions. As in four 
dimensions, by imposing an additional constraints on 
the behavior of the "magnetic" part of the Weyl tensor, 
we can remove the supertranslational ambiguity. Then, 
the asymptotic symmetry of the space-time reduces to 
the Poincare symmetry, which is a symmetry of "back- 
ground" flat metric, and we can construct conserved 
quantities associated with this Poincare symmetry. It can 
be shown that the expressions of these conserved quan- 
tities agree with the ADM formulae. 
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In four dimensions, the additional constraint is only 
Bab = to realize the Poincare symmetry as the asymp- 
totic symmetry, and it is satisfied if there is a Killing 
vector in M, such as timelike Killing vector (d/dt) or 
rotational Killing vector {d/d(p) 12]. On the other 
hand, in higher dimensions, due to the evolution equa- 
tion (dlD of B ai - Orf_3b, we need to impose a further con- 
dition C"';,cd=0 to remove the supertrans- 
lational ambiguity and realize the Poincare symmetry. 
As in four dimensions, Bai - ad-sb = would be satis- 
fied in stationary or axisymmetric space-time in higher 
dimensions. However, it might be interesting to investi- 
gate asymptotic symmetry under more general conditions 

which r2(5-d)/2 {d-l)Qa^^^^Q ^Qgg Yi0\d. 

In this paper, we focused only on spatial infinity. How- 
ever, it is interesting to explore the full asymptotic struc- 
ture including null infinity. As our future work, we would 
investigate the relationship between the Bondi energy 
formula at null infinity and Weyl tensor formula in this 
paper at spatial infinity. We also would like to consider 
asymptotic structure and its symmetry at null infinity, 
and investigate its connection to the supertranslation at 
spatial infinity. 

Another future issue is the preparation for the unique- 
ness theorem in stationary black hole space-times. As 
mentioned in the introduction, at first glance, the unique- 
ness theorem does not hold in higher dimensions, al- 
though there are some partial achievements [13, [3, [H, 
[Tg] . However, we would guess that the reason why we fail 
to prove it is due to lack of asymptotic boundary condi- 
tions. If we can specify the boundary condition appropri- 
ately, we will be able to prove the uniqueness theorem. 
The mass, charge and angular momentum are not enough 
to specify the black hole space-time uniquely. The ad- 
ditional information for the uniqueness may be higher 
multipole moments. Therefore, the study on higher mul- 
tipolc moments in stationary space-time will be useful. 



physical fields (e.g. electromagnetic fields or gravitational 
fields) on i*^ is more subtle. In this appendix, we give the 
notion of directional dependent limit and C^" class. 

First, the tensor T^/ J' is said to have directional depen- 
dent limit at if T^/J' satisfies the following conditions: 

— 

where 77 is a vector on tangential space at i", which 
is tangent to the curve arriving at i'^ . 

2. The derivative coefficients at defined by 
are regular. 

The first condition says that, since i° has a non-zero size 
(S''*^2) in M, T^/.J" may have an angular dependence even 
in the limit r — > 00. The operator n^/'^V a in the sec- 
ond condition gives regular derivative coefhcients, since 
an application of a derivative operator Vq in M corre- 
sponds to a multiplication of r near (see Appendix IB|) . 
The second condition says that these regular derivative 
coefficients should be finite and regular. 

Next, we define C>" class. A tensor f is C>" at i° 
if the 71-1-1 derivatives of T";; have directional dependent 
limit at For example, when we set gab to be C^" at 

, the behavior of gab near is 

gab - const. + ^^^'JX;'^ , (Al) 
where the dots stand for other angular coordinates. 



APPENDIX B: CONFORMAL COMPLETION 
FOR MINKOWSKI SPACE-TIME 
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In this appendix, we discuss conformal completion for 
Minkowski space-time. This analysis tells us how we can 
define asymptotically flat space-time in general. First, 
we introduce coordinates (C/, V) such that 

ds^ ^-dt^ + dr'^ + r^dnl_2 

= - dudv + -^^ — -^-!—dnl^2 

dUdV sm'{U-V) , 

cos2 U cos2 V A cos2 U cos2 V "^-^ ' ^ ' 

where 



APPENDIX A: DIRECTIONAL DEPENDENCE 

In the conformal completion method, spatial infinity 
which has a non-zero size in the physical space-time AI 
contracts to a point in the unphysical space-time M. 
Hence, the definition of differentiability and continuity of 



u = t - r = ta.nU , v = t + r = ta.nV , (B2) 

and dn'^_2 is a metric on unit S'^~'^ . Let us take il = 
cosi7 cos V as a conformal factor. In this case, we can 
see that 

VaVfe^! = 25,6 (B3) 
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holds at The unit normal vector 77a to = constant 
surface becomes 



(B4) 



on I" 



It will be useful for discussions in the main text to look 
how the differential operators behave: 



^ dU dr 



(B5) 



i.e. an application of corresponds to a multiplication 
of r. When we say that gab is C^" at by the way, we 
should take differentiation in the coordinates ([/, V) , and 
so this condition implies that the metric in the unphysical 
space-time is given by 



gab = vab\i + — 



(B6) 



where 



sin^(C/-y)^^, 



fiabdx^'dx^ = -dUdV + ""' '"^ —d^'d_2 (B7) 

is the unphysical space-time metric corresponding to the 
flat metric (jBll) in the physical space-time. 



and the definition 

Wabc = KhlhlX.fgdr]''. 



(C4) 



In addition, we used the fact that Xabcd has directional 
dependent limit and thus rj'^^ e'^abcd vanishes. In the 
right-hand side of Eq. (ICip . the second and third terms 
become 



n-^/^T^S''hfh'}hlg^^^Xab]cp^Pn = -W,fg (C5) 



and 

.(C6) 

The first term vanishes since = 29}/^riP. Finally, 

we obtain Eq. from Eq. (fCTI) . that is 



DeEf, - DfE,, = {d- b)Wf,g + W,,f + Wf,, 

^{d^A)Wf,g, (C7) 



where we used W\, 



in the second line. 



Next, we multiply Q.^'^-'^^''^8a^...a^_J'"^'qfrf'K^hl to 



Eq. jCH), where Ea.-a.J'" ^ hi\ ■ ■ ■ hZ-_le,,...,,_, 
and then obtain 



fed 



APPENDIX C: DERIVATIONS OF EQS. (flOl). 
(fTTj) . (HH) AND (fT9|) 

In this appendix, we give detailed derivations of 
Eqs. Uni), (|ni), (UHl) and HH). Since we compute quan- 
tities only at spatial infinity, we omit "hat" and lim^^o 
throughout this appendix for convenience. 



1. Derivation of Eqs. (flOl) and (fTT|) 

First, from Eqs. ([5]) and ([5]), we obtain 

+ ^(V[™f^R.fc],,), (ci) 



where A-abcd = ^'^''-''^'^Cabcd 

auc 



Multiplying rf''q''-h^h'lh'i to the above, the left-hand 



side becomes 
n^'^Tfri''K^h'}hly[^Xab]cd 

(C2) 

where we used the fact that 

^l^^^Var|b = gab - VaVb = Kb , (C3) 



(C8) 



2 \E)gBai---ad-3h DhBa^-.-ad-'ig) 
_ /cdo(4-rf)/2 

= i [4 (/idg-B/ic - hdhEgc) + (5 - d)KghiXabcd 
C,{4-d)/2c fed 

From this equation, we obtain Eq. (jlip : 

(C9) 

where '^'^^^'^Cabed is the {d ~ l)-dimensional Weyl tensor 
on = constant surface at i". To transform Eq. (jCSp to 
Eq. (jC9p . we used the following relations 



f'^'hhfh'^gri'Xabed 

^'"hhfEg.-nd (CIO) 



and 



'^^abed"'w y z ^wa; 

2 . 



d-3 



E.rU,h 



'x[y'''z]w J 



(Cll) 
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In Eqs. (jClOp and (|Clip . we used the fact that the ex- 
trinsic curvature of = constant surface at is 

T^ab = (l/2)£,,/la6 



(C12) 



For the derivation of Eq. (|CTT|) . see Eq. (A6) in p^ . 
(Note that the magnetic part defined there is different 
from ours.) 



2. Derivation of Eqs. (flHl) and ^9]) 

Hereafter in this appendix, we derive Eqs. ([T5)) and 
p9)l . Firstly, to facihtate the derivation, we derive the 
foUowing relation: 



^abcm'l 



1 



d-2 



n'^^V[bTa]c + (rf - 5)ry[,r,] J , (C13) 



where Tab = ^'^^^'^^^^ Sab is a tensor which have di- 
rectional dependent limit at i*^, and Sab is defined in 
Eq. HH). The manipulation of g'^'^x Eq. ([H) implies 



'^mCabc^ ~ (d— 3)ri ^CafccpV^ri 



(C14) 



Note that Eq. ([5]) was derived from the Bianchi identity in 
the physical vacuum spacetime {y[mCab]cd = 0). On the 
other hand, from the Bianchi identity in the unphysical 
spacetime (^[mRa^cd = 0), we can derive 



VmCahc™ H 2^ ^[aSb]c — 



(C15) 



From these two equations, we can see that 

CabcmV"' - -^^n^^^^[aSb]c ■ (C16) 



It is easy to see that Eq. (jC13[) holds from this equation. 

Now we are ready to derive Eqs. (|18p and ^T9\i . Let us 
first take the manipulation of hph^rj^'x Eq. ()C13p . which 
results in 



1 



2{d-2) 
1 



2(d- 2) 



n^'''^[bTa]e+{d~b)ll^bTa], 
DpQq + hpgE+iA-d)Upq 



{A-d)Upq . (C17) 



This is Eq. In the last line, we used the relation 

derived by the manipulation of h'^rj^rj'^x Eq. (|C13P : 



D,E = (d - 3)Qe 



Next, let us apply r2(4-d)/2£^^ ^^_^/ab^^ (ICTSll . 
Then we obtain Eq. P^ : 



B, 



^—Ea,...a,J''Sf^^^-''^'\DbUac + /»6cQa) 

(C19) 



d-2 

^d 



APPENDIX D: (d - 1) + 1 DECOMPOSITION 

In this appendix, we show that d-momentum defined 
in Eq. (p9)) agrees with the ADM formulae for energy and 
momentum: 



E = 



1 



lim 



[d'^hab - dbh\) dS' 



Q 



IGnGd ro^QO J gd-2 

lim / [Kab-K'^MN'^dS' 



(Dl) 



r=ro 

(D2) 



where hab = gab + f^t^ and Kab = hahbd^cf^ are the 
induced metric and the extrinsic curvature of a i = 
constant surface whose unit normal is and da is a co- 
ordinate derivative with respect to asymptotic Cartesian 
coordinates. N°- is an asymptotic spacelike translational 
Killing vector such that DaNb ^ as r ^ oo, where Da 
is the connection for hab- 

We also show in this appendix that the angular mo- 
mentum defined in Eq. (|3ip transforms in translational 
transformation as Eq. p3p . This appendix may be re- 
garded as an extension of the work by Ashtekar and 
Magnon in four dimensions p7| . We will describe in much 
detail because it is very hard to check their result. 



1 . Energy 

First, let us consider the energy. Let S be a spacelike 
hypersurface in M on i° which has unit timelike vector 

as its normal. Then, the energy defined by Eq. ([29]) 
becomes 



1 



SnGdid — 3) J sd-'^ 



Eabi''i''dS , (D3) 



where dS is the volume element of a (d — 2)-dimensional 
unit sphere S"^^^ . In order to compare the above with 
the ADM formula, we must write it down in terms of 
quantities in physical space-time M . To do so, we in- 
troduce a spacelike hypersurface S in M , unit timelike 
vector t"' normal to S, and a unit radial vector 77° = d°'r. 
t° and 77" are related to t"" and the unit radial vector 
(C18) in the unphysical space-time fj"' as limro^oo = t"' 
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and liniro^oo ^ ^'rf = 'ff i respectively. Then, the above 
expression of energy (|D3p becomes 



1 



87rGd[d - 3) ro-+oo J^^^^ 

(D4) 



where we used the fact that ~ near 

Now, we define the usual electric part of the Weyl ten- 
sor Cab = Cambnt^"'t^ in the physical space-time M. This 
electric part can be decomposed as 

Cab = ^""-'^Rab - KJ^'Kbrn + K K ab 

- ^ ((d - 3)/^ + /lafc/^"") S„,n ■ (D5) 

Taking into account of asymptotic behaviors Kab = 
0{l/r'^-'^) and ^'^'^^Rab = 0{l/r'^-^) for r ^ cx) , and 
the vacuum Einstein equation Rab — 0, we obtain 

- = -FT^T:^^ 1™ / "^^-^^Rabrt^fdS. 

(D6) 

In order to integrate by parts in direction r, we rewrite 
the integral into the following form: 



-Pat" = - 



1 



87rGd(d- 3) ro 



lim 



1 

A'r 



r— rQ+Ar 



(D7) 



RabV'v drdS, 



Sd-2 



where we used the fact that the integrand in Eq. (jD6P is 
independent of r at large r. In this expression, the part 
which contribute to the integral is 

^"-^^Rab - \ {d'dbhac + dad'hbc " O'd^hab - dadbh\) . 

(D8) 

Substituting (|D8p into (|D7p and integrating by parts, we 
can get the desired result. Since this calculation is a 
little difficult, we describe carefully. First, we integrate 
the first part in (jPSp by parts: 



1 

1 



(D9) 



Ar/5d-2xAr 



dV, 



where dV = • 
side becomes 

-I 

1 

Ar J qd-2 



^drdS. The first term in the right-hand 



r (dbhac) v'v'dS' 

/ r (dbhac) V^v'dS' 
Ar Jsd-2 



r— ro+Ar 



(dbhac) v'^v'dS^ 



r=ro 



(DIO) 



where dS'^ = rj'^r'^~^dS. In the first and the second 
equalities, we used the Gauss theorem, and the fact 
that (dbhac) ri°'rf'r''-^^ is independent of r in the limit 
of ro — > oo. The second term in the right-hand side of 
Eq. ((D9)) becomes 



(dMd'(rv''rf)dV 



1 

Ar ./,od 



5d-2xAr 

/ (dbhac) (v'^Tfv^ + <f'Tf + q^'v^^^'^drdS 



(dbhac) (v'^v'v" + q'^'v' + q'"'if)r''~^dS. (Dll) 



To transform the second into the third line, we used the 
fact that the integrand in the second line does not depend 
on r. Then, we obtain 



r-"-' (d-^ dbhac) V^v'dS 



Sd-2 



(dbhac) (v'^q"' + v'qnr^-'dS. (D12) 



Here, we defined a metric Qab on r = constant surface 
such that daTjb = (hab — VaVb)/f = qab/r. In the same 
way, the other terms in (jPSP arc transformed as 



r-^-i (dad^hbc) v'rfdS = -(d - 2) / d^hacdS'', 
r^'' (d^dchab) Tl'^ifdS 



(dchab) (q^'v" + q'^V^^'^dS , 



r-^-i (dadbh^) Tj'^ri'dS ^~(d~2) f dah'cdS". 

Sd-2 Js-'-^ 



Finally, we obtain the desired result: 



Pat" 



-i— lim / (d''hab-dbh\)dS' . 

(D13) 



2. Momentum 

Next, let us consider momentum. The components of 
(d — l)-momentum along a spacelike vector N'^ at can 
be written as 



Pn.N'' 



8TTGd(d - 3) Jsd 



EabN°-?dS. (D14) 



In terms of quantities of physical space-time, this equa- 
tion becomes 



PaN-" = 



1 



^ n (ri 1™ / r'^-^Cabcdifri'^N'^t-dS, 

8TTGd(d- 3) r^ooj^^^^ 

(D15) 
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where N" = lim^io flTV". Using the Codacci equation 
and the vacuum Einstein equation, this expression be- 
comes 



1 



lim 



„d-l 



SnGdid — 3) ro^oo Jj.^j.^ 
X (DdKab - DaKdb) vVN^dS. (D16) 



Using the fact that the leading part of r'^^^DdKab does 
not depend on r, the first term in the right-hand side is 
reexpressed as volume integral as 



Ar 



Ar Js''-2xAr 



r (DdKab) rfv^'N'^dV 

DdirKabvVN") 
- KabDdirrfTj'^N'') dV. (D17) 



Using the Gauss theorem to the first term in the last line, 
we see that 



1 
Ar 



5d-2xAr 



Dd{rKabrfv''N^)dV 



1 

Ar 



rKabN'^dS' 

Sd-2 



rKabN'^dS'' 

r— ro+Ar J 



KabN'^dS'' 



r=ro 



(D18) 



where we used the fact that KabN'^r'^^^ does not depend 
on r. The second term in Eq. (|D17|) can be rearranged 

as 



1 



KabDdirifT^''N'')dV 



d-l 



Ar 



5d-2xAr 



KabTfN^dV 



-{d-l) KabN'^dS'' 



(D19) 



In the same way, the second term of Eq. (jD16p is rear- 
ranged as 

/ r''-^{DaKdb)rfTi''N''dS 

J r—VQ 

= 2 / KabV^v'N'^dS, - 2 / KabN'^dS'' (D20) 
From this equation, we can obtain a relation 
2 lim / r'^-^KabNcV''v''v''dS 
- lim / (Kab-{d-3)Khab)N''dS''. (D21) 



Derivation of this relation is a little non-trivial, so we 
describe it in detail. Note that the Gauss theorem makes 
the surface integral into the volume integral as 



I r'-'^KabN^jfrfri'dS 

9" {rKabN.riS") dV 
r (DbK) rfN^T^c + KabD'^ {rrfN^r^,) 



I r=ro 
1 

-I 

ArJsa-2^^ 



dV, 
(D22) 



where we used the momentum constraint equation for 
the vacuum Einstein equation, DaK^ — DbK = 0, in the 
last line. The first and the second terms are rearranged 
respectively as 



1 

Ar 



r (DbK) rfN'^ri^dV 



5d-2xAr 



1 



Ar Jsd-2yAr 



Db (rKrj'^N^Tjc) - KDb {rrfN^rj,) 



dV 



{d-2) [ KN'^dSa 



(D23) 



and 



/ KabD'^ (rv^N^Vc) dV 

= / {KN-dSa + KabN^'dS- - KabTi'^ifN-dS,) 

Then, we proceed as 

r-'-^KabN.ifri^'dS 

UabN'' -{d-?,)KNa)dS'' 
KabV^'V^'N^dSc 



r=rQ 

(D24) 



(D25) 



The last term in the right-hand side is the same with 
the left-hand side except for the signature. Therefore, 
we have the relation of Eq. (|D2ip . 

Substituting Eq. p2ip into Eq. p20p . we can show 

/ r^-^DdKab ~ DaKdb)vVN''dS 

Jr=ra 



-{d~S) {Kab-Khab)N''dS' 



, (D26) 



and then, combining this equation with Eq. (jD16p . we 
see that our formula (j29p for (d— l)-momentum becomes 
the ADM formula, that is 



PaN^^--^ lim / {Kab~Khab)N''dSK 



(D27) 
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3. Angular momentum 

Finally, we consider translational transformation of an- 
gular momentum Mah- We consider translation tOa which 
is a fixed vector at , and relate it with a as a = ujaV"'- 
This translation transforms r]°- as 

fi'a = f}a + ln^''-^^^^(^{d~2)afia + n^^^Vaa) . (D28) 

Then, the magnetic part of the Weyl tensor /3oi - od-3& 
transforms as 

+ ■^ea,...a,_,rapbfl"'EP-Dra . (D29) 



We used the projection formulae of the Weyl tensor (jC10|) 
and (|C11|) to derive this equation. Substituting (|D29p 
into dSI]), and noting that Fabe''^^...^^^^^fi"'dS''^ -^''-^ 
vanishes since d — 1 indices of e are projected onto 
{d ~ 2)-dimensional surface, we find that usual transla- 
tional transformation 

M^, - Mab + 2P[aUb] , (D30) 

where Daa — Ua, is correctly reproduced including the 
coefficient, if we define the angular momentum as (|3ip. 
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